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@ Goal: Teach you the language IN° and show you some example
programs in 15mins.

@ We will skip much of the category theory. (Paper has details).
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Introduction

@ [1°is reversible by design — all expressible programs are reversible.

@ Does not start with an irreversible model and then “add history.”

@ Has a very simple definition in terms of isomorphisms between types.
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@ We know various equalities from arithmetic:

»n+0=n
»n+m=m+n
> nXm=mxn

> nx(m+Il)=nxm+nx|

"n=m m=1I
n=1

*n+m=I4+m
n=1
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Intuitions from arithmetic

@ We know various equalities from arithmetic:

»n+0=n
»n+m=m+n
> nXm=mxn

»nx(m+l)=nxm+nxl

n=m m=|
n=1

>»n4+m=I+m
n=1

@ We build a language by treating these equalities as isomorphisms
between types.
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Intuitions from arithmetic

@ We know various equalities from arithmetic:

>

>

>

>

n+0=n
n+m=m+n
nxm=mxn

nx(m+l)=nxm+nxl

n=m m=|

n=1

n+m=I+m

n=1

@ We build a language by treating these equalities as isomorphisms
between types.

@ We will give them a computational interpretation.
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Type Isomorphisms

Sound and Complete Isomorphisms:

base types, b

O|1|b+blbxb

values,v == () |left v|right v|(v,v)

0+b & b identity for +

by +bs o  bo+ by commutativity for +

by + (b2 +b3) o (b1 +b2)+bs associativity for +
1Xxb & b identity for x

b1 Xbx & by Xby commutativity for x

by x (b2 xbs) < (b1 xb2)Xxbs associativity for x
Oxb < 0 distribute over 0

(by +b2)xbs & (b1 xbsg)+ (b2 xb3) distribute over +

by © b by o by by e bs
beob by e by by & b3
by & b3 b2 < bs bi & b3 b2 < bs
(b1 + bz) “ (b3 + b4) (b1 X bz) “ (b3 X b4)
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Type Isomorphisms, Recursive Types and Trace

base types, b

O|1|b+blbxb]|x|uxb

values, v () | left v |right v|(v,v)]| (v)
ux.b o blux.b/X] isorecursive types
0+b e b identity for +
by +bs < bo+ by commutativity for +
bi+(b2+b3) o (b1+b2)+bs associativity for +
1Xxb & b identity for x
b1 Xby & by xb commultativity for x
by X (b2 xb3) & (b1 Xb2)xbs associativity for x
Oxb & 0 distribute over 0
(bt + b2)xbs & (byxbs)+ (b2 xbs) distribute over +
b1<—)b2 b1<—>b2 b2(—>b3
be b by by by & b3
by & bz ba & by by & by b2 by  by+ by e by +bs

(b + b2) & (b3 + bg)
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Witnesses for Type Isomorphisms

Primitive operators and their composition:

base types,b =

values,v =

unfold : ux.b
>+Z 0 + b
Xyt by + bo
2+Z b1 + (b2 + b3)
Sy 1xb

Xy & b1 X b2

Zx: by X (b2 X ba)

<o : O0xb
<:  (by+bp)xbs

O|1|b+b|bxb]|x|ux.b
() I left v | right v | (v,v) | {v)

& blux.b/x] : fold
o b =y
o bp+ by DXy
o (b1 +b2)+ b3 Sy
< b 2y
o boxby T Xx
o (b1 xbz) x bs ISy
< 0 1>

o (b1 xbs)+(b2xbs) :>

c:by o b Cci:by e by Co:by e bs

id:be b symc: by o by (c1ec2): b1 & bs

Ct:by < by Caiby e by C1:by &by Co:ibx e by C:by1+ by e by +bs

(cr@®co): (b1 +b2) & (bs+bs) (c1®c2): (b1 xb) e (bsXba) trace ¢ : by & b3
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The language I1°
A programming language emerges:

Syntax

base types,b ::= 0|1|b+b|bxb|x]|uxb
values, v () | left v | right v | (v,v) | (V)

isomorphisms, iso Xpl 24 | sS4 | 54 | =4
><><| 2>< | §>< | >>< | <><
~<o| >0 | < | > |id| fold | unfold

iso|symc|cec|c®c|cdc|tracec

combinators, ¢

@ [1° is a dagger symmetric monoidal category with a trace over the
monoid (+, 0).

@ In practice, we use “wiring diagrams” to program : values are like
particles moving through a circuit.
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Operational semantics: ¢ vy > Vo

Programs c are applied to values v, thus evaluation is denoted by
C V4 — Vo transitions.

@ Associativity
2. by X(b2><b3) “ (b1 ><b2)><b3
ze  (vi,(v2,w3)) = ((v1,v2),v3)

@ Distribution
<: (by+b2)xbs & (b1 xbg)+ (b2xb3)
< (left vi,va) >  left (v1,v3)
< (right vo,v3) +—  right (v2,Vv3)

@ Folding

fold: blux.b/x] e uxb
fold v B (V)
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Categorical “trace” over the monoid (+, 0) — sometimes called a
“Cancellation Law.”

C:by+ by by +bs
trace ¢ : by & bs
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Categorical “trace” over the monoid (+, 0) — sometimes called a
“Cancellation Law.”

C:by+ by by +bs
trace ¢ : by & bs
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Traces give us lteration

Categorical “trace” over the monoid (+, 0) — sometimes called a
“Cancellation Law.”

c:by+ b b+ bs
trace ¢ : by & bs

b1 b1
+ [¢] + :(> b2_ trace c b3
b, by
+ c [+
b, b

The iterative interpretation satisfies the coherence conditions for

categorical traces.
27" June, 2011
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@ bool =1+ 1

@ true = left ()
false = right ()
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@ bool =1+ 1

@ true = left ()
false = right ()

@ not : bool < bool
not = X4

@ Verify the behavior:
not true —* false
not false —* true
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One armed-if :
ifc : bool X b < bool x b

ifc (flag, b) = if flag then (flag, c(b)) else (flag, b)

left

b :
(1+1)xb
=<

o\ (+)xb

right
o

ife=<e((idoc)®id)e>
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Conditionals, Toffoli ...

One armed-if :
ifc : bool X b < bool x b

ifc (flag, b) = if flag then (flag, c(b)) else (flag, b)

left
o
I
o

(1+1)xb

o\ _(1+1)xb

right
o

ife=<e((idoc)®id)e>

@ cnot : bool x bool « bool x bool
cnot = ifpot
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Conditionals, Toffoli ...

One armed-if :
ifc - bool x b < bool x b

ifc (flag, b) = if flag then (flag, c(b)) else (flag, b)

left
o
I
o

(1+1)xb

o\ _(1+1)xb

right
o

ife=<e((idoc)®id)e>

@ cnot : bool x bool « bool x bool
cnot = ifpot

@ toffoli : bool x (bool x bool) < bool x (bool x bool)
tOffO/I — ifcnot
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@ fold : 1 + nat « nat : unfold

@ nat = ux.1+x
@ 0 = (left ()),1 = (right 0),2 = (right 1)...
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lteration over numbers

@ nat = ux.14+x
@ 0= (left ()),1 = (right 0),2 = (right 1)...
@ fold : 1 + nat < nat : unfold

We can construct a “for” loop:
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Non-termination and inc : nat < nat

@ nat = ux.1+x
@ 0= left ()),1 = (right 0),2 = (right 1)...
@ fold : 1 + nat < nat : unfold

William J. Bowman, Roshan P. James, Amr SabiDagger Traced Symmetric Monoidal Categories 27t June, 2011 14/15



Non-termination and inc : nat < nat

@ nat = ux.1+x
@ 0= left ()),1 = (right 0),2 = (right 1)...
@ fold : 1 + nat < nat : unfold

inc 0 — undefined

@ [1° can express infinite loops.
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@ Introduced M°.

» Operations on lists.
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@ The code accompanying the paper has many examples.
» Factorial
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